We consider the quantum entanglement of the electronic and vibrational degrees of freedom in molecules with a tendency towards double welled potentials using model coupled harmonic diabatic potential-energy surfaces. The von Neumann entropy of the reduced density matrix is used to quantify the electron-vibration entanglement for the lowest two vibronic wavefunctions in such a bipartite system. Significant entanglement is found only in the region in which the ground vibronic state contains a density profile that is bimodal (i.e., contains two separate local minima). However, in this region two distinct types of entanglement are found: (1) entanglement that arises purely from the degeneracy of energy levels in the two potential wells and which is destroyed by slight asymmetry, and (2) entanglement that involves strongly interacting states in each well that is relatively insensitive to asymmetry. These two distinct regions are termed fragile degeneracy-induced entanglement and persistent entanglement, respectively. Six classic molecular systems describable by two diabatic states are considered: ammonia, benzene, semibullvalene, pyridine excited triplet states, the Creutz-Taube ion, and the radical cation of the "special pair" of chlorophylls involved in photosynthesis. These chemically diverse systems are all treated using the same general formalism and the nature of the entanglement that they embody is elucidated.
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We consider the quantum entanglement of the electronic and vibrational degrees of freedom in molecules with a tendency towards double welled potentials using model coupled harmonic diabatic potential-energy surfaces. The von Neumann entropy of the reduced density matrix is used to quantify the electron-vibration entanglement for the lowest two vibronic wavefunctions in such a bipartite system. Significant entanglement is found only in the region in which the ground vibronic state contains a density profile that is bimodal (i.e., contains two separate local minima). However, in this region two distinct types of entanglement are found: (1) entanglement that arises purely from the degeneracy of energy levels in the two potential wells and which is destroyed by slight asymmetry, and (2) entanglement that involves strongly interacting states in each well that is relatively insensitive to asymmetry. These two distinct regions are termed fragile degeneracy-induced entanglement and persistent entanglement, respectively. Six classic molecular systems describable by two diabatic states are considered: ammonia, benzene, semibullvalene, pyridine excited triplet states, the Creutz-Taube ion, and the radical cation of the "special pair" of chlorophylls involved in photosynthesis. These chemically diverse systems are all treated using the same general formalism and the nature of the entanglement that they embody is elucidated. INTRODUCTION Entanglement is one of the quintessential 'quantum' phenomena. Here, we develop an understanding of the quantum entanglement between electrons and nuclei in molecules by an analysis of a simple model involving two coupled intersecting potential-energy surfaces.
Such a system was first introduced by Horiuti and Polanyi in 1935 to describe proton and hydrogen transfer reactions 1 and was subsequently extended by Hush to oxidation-reduction processes 2 in 1953, now forming the basis of modern electron-transfer theory 3 describing for example exciton and charge transport through molecules, organic conductors and organic photovoltaics as well as electron-transfer reactions in biochemistry. 4 It also describes general racemization processes 5 and has been widely used in spectroscopic analyses, forming the core of Herzberg-Teller theory. 6, 7 Throughout all of these processes, the vibrational and electronic motions associated with the chemical process become entangled.
In quantum information theory, the simplest type of system is a bipartite pure state orthonormal set of basis vectors for subsystem A and B respectively. We consider these subsystems as the electronic and vibrational degrees of freedom of a molecule, and the entanglement is, qualitatively, a measure of the connection between them. While many, related, definitions of entanglement have been proposed (see eg. [9] [10] [11] ), the von Neumann entropy of the reduced density matrix is the most common method of quantifying this entanglement, and we apply it to gain understanding of entanglement in chemical systems. semibullvalene. In these systems, the two wells are equivalent, having the same force constants and energy; these systems form simple models for all processes involving, say, inversion of molecular stereochemistry. We also consider pseudo E B ⊗ systems 7 in which an asymmetry E 0 is introduced in the relative energies of the two wells, and the general scenario considered is sketched in Fig. 1 . In this figure, the red and blue dashed curves represent diabatic potential-energy surfaces describing two non-interacting wells that are coupled by the resonance energy J. These give rise to the classic Born-Oppenheimer groundstated adiabatic potential-energy surface and its associated excited state shown in purple and green in this figure, respectively.
We consider the properties of six molecular examples pertaining to this Hamiltonian: ammonia, semibullvalene, benzene, the Creutz-Taube ion (CT), the bacterial photosynthetic reaction centre radical cation (PRC), and pyridine excited triplet states ( 3 PYR), see Fig. 2 and Table I . These systems display a wide range of qualitative features that control many chemical and physical properties. For ammonia and semibullvalene, 13 2|J| is less than the reorganization energy λ required to distort the molecule in one well to the nuclear coordinates of the minimum of other well (see Fig. 1 ) and so the Born-Oppenheimer surface is double welled. 14 In contrast, for benzene the opposite is true, producing aromaticity with the carbon-carbon bonds taking on equal lengths rather than those expected for a cyclohexatriene. The precise nature of the Creutz-Taube ion 15 has been debated for over 40 years, 16 this molecule being the first mixed-valence compound investigated for which it was apparent that the molecule cannot be simply described as comprising an ion in each of two standard valence states (i.e., an Ru(II) and an Ru(III)), and this molecule became the paradigm through which biological electron transfer processes including those involved in solar-energy conversion during photosynthesis was subsequently interpreted. 17 Molecules showing these types of 21 In all cases, some important molecular properties such as the shape, central frequency, and intensity of the characteristic intervalence electronic transition are known to be independent of the number of modes used in the analysis. 22 The simple model thus provides a useful general starting position for considering electron-vibration entanglement. The Hamiltonian also describes a superconducting qubit coupled to the resonant microwave mode in a cavity, sometimes called "circuit QED", 23,24 a technology of significant interest for practical quantum information processing. 25 To manifest this entanglement, we start with an approximate analytical solution for the vibronic wavefunctions of the system obtained using the crude-adiabatic approximation in which the wavefunction is expressed diabatically as a product of an electronic wavefunction, , φ dependent only on electronic coordinates, r, and a nuclear wavefunction, , χ dependent only on nuclear coordinates, R, i.e.
( ) ( ) ( )
Exact numerical wavefunctions for the full Hamiltonian are then obtained, using these crude adiabatic wavefunctions as a basis set, in the form
from which the von Neumann entropy of the reduced density matrix can be readily obtained as the electronic and vibrational basis sets are orthonormal.
Such entanglement has been previously quantified 12 in detail for the vibronic ground state of this system for 0 0 E = , and some results 26 are also available for 0 0 E ≠ . Here we examine in detail how the entanglement changes when 0 0 E ≠ , as well as considering for the first time entanglement within the lowest-energy vibronic excited state. These results bring into prominence the existence of two distinct types of entanglement in the parameter space:
entanglement that persists despite the introduction of asymmetry (persistent entanglement) and entanglement that disappears (fragile degeneracy-induced entanglement). Understanding the consequences of asymmetry thus becomes critical to any application of electron-vibration entanglement to quantum information processing or quantum information transport;
particularly influencing the design of experimental apparati and conditions for measuring electron-vibration entanglement. An advanced description of such an apparatus has only been proposed to measure entanglement between the electronic states of pairs of ammonia molecules, 27 but means for measuring related properties for large molecules and nanoparticles with strong environment interactions have been conceived. [28] [29] [30] Our results also allow a broad picture to be developed of the significance of entanglement to the understanding of basic chemical bonding and reactivity. 
II. MODEL HAMILTONIAN AND ITS PARAMETERS
whereω is the fundamental vibrational frequency of the two diabatic surfaces (assumed herein to have equivalent force constants), h is Planck's constant, and δ is the dimensionless displacement of each diabatic surface away from the symmetric configuration. The dimensionless variables Q and δ can be related to mass-weighted Cartesian-type coordinates using the relationships A variety of useful quantities may be described in terms of the basic model parameters. Firstly, the reorganization energy is defined as
and specifies the energy necessary to distort a molecule in diabatic electronic state 1 to the equilibrium structure of diabatic state 2 and vice versa (see Fig. 1 ). This energy is often expressed alternatively via the Huang-Rhys factor, 
at the geometry of a diabatic minimum for a symmetric (E 0 =0) system. The Born-
Oppenheimer adiabatic approximation provides a good description of the system properties whenever
so that the vibrational energy-level spacing is much smaller than the electronic energy-level spacing. This approximation yields the ground-state (GS) and excited-state (ES) electronic potential-energy surfaces shown in Fig. 1 as it allows the effect of the nuclear momentum operator on the electronic wavefunction to be ignored so that H can simply be diagonalized parameterically as a function of the nuclear coordinates Q. For E 0 = 0, the curvatures of these surfaces at Q = 0 are given by
and hence the ground-state surface becomes double welled whenever 14 
The diabatic Hamiltonian Eq. (3) is not unique as all physical properties, including electron-vibration entanglement, are invariant 32 to the rotation of the electronic basis
where
In particular, a rotation of the localized diabatic Hamiltonian (Eq. 3) typically used to describe double-welled systems such as ammonia by θ = 45° produces the delocalized diabatic
Hamiltonian typically used by spectroscopists to describe the ground and excited states of aromatic molecules. 32 While four parameters 0 , , and E J ω δ are specified in Eq. 3, entanglement is independent of the absolute energy scale and hence we simplify the problem by considering only the three independent parameters 2 / J λ , 
In particular, we are concerned with the properties of the ground-state vibronic wavefunction 0 Ψ and the wavefunction of next highest energy, 1 Ψ .
IV. VON NEUMANN ENTROPY
The entanglement between the electronic and nuclear degrees of freedom can be expressed as the associated von Neumann entropy, 8, 12 obtained by re-expressing the eigenfunctions from Eq. (11) in the form
where q and Q are the electronic and vibrational co-ordinates, respectively. Based on these expansions, reduced electronic and vibrational density matrices can then be defined as 
The entanglement is then maximal when 0 ρ ± = and minimal when 1 ρ ± = .
V. FRAGILE vs. PERSISTENT ENTANGLEMENT
The calculated entanglements depicted over the whole parameter space of the model are shown in Fig. 4 for the ground vibronic-state wavefunction ( 0 S ) and first-excited The fragility of the degeneracy-induced entanglement can be understood by expanding the non-zero eigenvalues of the ground-vibronic-level density matrix using perturbation theory in the localized limit of 2 / 1 J λ = (n.b., the resulting equations remain useful even up to at least 2 / 0.5
1/2 00 0 00 E is lost and all entanglement is persistent. In this region the eigenvalues of the ground-vibronic-level density matrix can be expanded using perturbation theory based on the delocalized diabatic
Hamiltonian that becomes exact in the limit 2 / 1 J λ ? :
As the entanglement becomes large when 1 ρ ± = , large entanglement requires 0.1, the density is unimodal, however, displaying only a single local maximum and no local minima, and the associated entanglement is significantly reduced. On Fig. 4 , the regions in which the ground-vibronic-state density is bimodal are indicated and can be seen to correspond to regions in which the entanglement is in excess of ca. 0.7. The qualitative change associated with the unimodal-bimodal changeover has some similarities to quantum phase transitions which occur in systems with an infinite number of degrees of freedom. 37 Consideration of the density thus provides a possible means for understanding entanglement within the ground vibronic wavefunction. Similar results occur in other types of qubits, see e.g. 10, 23, 38 . In particular, systems in which bimodal density profiles survive finite temperature 30, 39 are clearly ones in which the entanglement is persistent.
For the first excited-state vibronic level, the overall effect is similar to that for the ground vibronic state but the region of persistent entanglement is much larger and survives beyond 0 / E ω h = 1. For the symmetric double-well situation with 0 / E ω h = 0 and 2 / J λ < 1, the first excited vibronic eigenfunction is very similar to the associated ground-state function except for the opposite phasing of the two localized-diabatic ground states, and so the entanglements 0 S and 1 S behave very similarly in this region, with Eq. 16 again depicting the origin of fragile symmetry-induced entanglement when / 0.1.
The similarity between the behavior of 0 S and 1 S is lost when 0 / E ω h = 1, however, as in this scenario the localized diabatic ground-state from one well becomes degenerate with the first excited level of the other, as illustrated in Fig. 5 ; as a result, 1 S remains large at all values of / E ω Δ h . This resonance also influences 1 S for 2 / 1 J λ > , with perturbation theory applied in the limit of
/ 1
J λ ? indicating that 1 S is large whenever
This equation also indicates the effects of an additional resonance that occurs in the delocalized diabatic limit at 2 / 1 J ω = h in which the first excited vibrational level of the ground delocalized state equals the zero-point level of the excited delocalized state; this gives rise to the large persistent entanglement near Fig. 5 .
VI. RELATION TO THE BOHM-AHARONOV TEST OF THE EINSTEIN-

PODOLSKY-ROSEN PARADOX
The Einstein-Podolsky-Rosen paradox 40 correlation that arises when symmetry rather than interaction determines key features of a quantum state. 42 Static electron correlation can indeed be very fragile, being destroyed by either small intramolecular or external fields that break the symmetry.
VI. RELATION TO TUNNELLING AND ENERGY TRANSFER KINETICS
Charge and energy may tunnel through symmetric double wells, and ammonia has been considered as a model system for these types of complex phenomena. 43 The effect of minute asymmetry in blocking coherent charge and energy transport has been described. 44 Thus, there appears an intrinsic connection between entanglement and these fundamental chemical processes, and a general theory connecting this effect to the Rabi and Golden-rule limits of kinetics in extended systems has been developed.
45
VII. APPLICATIONS TO SOME MODEL MOLECULAR SYSTEMS
On Fig. 4 the locations in the parameter space appropriate for the 6 paradigm molecular systems described in Table I Often it is possible to use chemical or spectroscopic means to modify the basic molecular parameters, opening up the possibility of dynamically switching entanglement on and off. CT not only presents the largest persistent entanglement of all the molecules considered but also allows for this possibility. X-ray photoelectron spectroscopy (XPS) can be used to create a core hole that, because of the small overlap between the core orbitals on the two Ru atoms, becomes 98% localized onto one of the two metal centers, 14 introducing an asymmetry 46 of 0 E = 22000 cm -1 making 0 / E ω h = 28. The calculated entanglement for this switched CT is 1 S =0.0007, a reduction by a factor of 500.
VIII. CONCLUSIONS
Double-welled chemical systems by their nature embody electron-vibrational entanglement, and the entanglement of the lowest-energy eigenfunctions is found to be largest when the ground-sate wavefunction has a bimodal density profile, with each maximum depicting localization of the wavefunction on one side of the double well. Entanglement, however, is more widespread than this, forming also in delocalized systems such as the ground state of benzene, though of much reduced magnitude. Nevertheless, entanglement in aromatic molecules can be increased in excited states. Classic dimeric systems such as the Creutz- Table ion and the special-pair radical cation in natural photosynthesis also manifest significant entanglement.
The amount of entanglement manifested in these chemical systems and its sensitivity to environmental effects would appear to limit applicability in quantum information processing and quantum communication. In particular, the fragility of the entanglement for a large range of double-well systems will be critical in limiting performance, though entanglement could possibly be made manifest on a short time scale in a useful way in such systems. 47 Molecules with the greatest likelihood of manifesting persistent ground-state entanglement would need critical parameters of 0.02 < 2 / J λ < 0.8 and 0.5
Persistent ground-state entanglement is large when the probability density is bimodal, Ammonia, a molecule previously considered as a candidate for use in quantum information processing, 27 is found to have useful but fragile entanglement and so any application would require extreme isolation from the environment, a challenge that is perhaps inconsistent with the demands of implementing quantum gates, initialization, and readout.
Other ammonia-like molecules could have more attractive properties, however, and a thorough scan of candidates is required before any quantum information processor based on electron-vibration entanglement is experimentally investigated. Large molecular systems such as CT and PRC have more attractive parameters than those for the small molecules considered, but these would present great difficulty in experimentally realizing entanglement owing to their large size and strong, sometimes functionally critical, environmental interactions; nevertheless, entanglement can still persist in such environments. 28, 30, 39 A spectroscopic means by which entanglement could be switched on and off is also described for CT.
In summary, the properties of electron-vibration chemical entanglement are found to be very similar to those for coherent energy transfer, with fragile vibrational resonances being key to both processes. There does exist, however, regions of the parameter space in which the entanglement is persistent, being much less sensitive to external environmental effects, so electron-vibration entanglement has aspects that parallel fragile electron-electron entanglement associated with symmetry (static correlation) and persistent electron correlation associated with (dynamical correlation). 
